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INTRODUCTION 
This paper studies the approachability of upper semicontinuous non- 
convex set-valued maps by single-valued continuous functions and its 
applications to fixed point theory. The use of “approximate selections” was 
initiated by J. von Neumann [41] in the proof of his well-known minimax 
principle. This remarkable property was extended to the normed space 
setting by Cellina [S] and Cellina and Lasota [9] in the context of a 
degree theory for upper semicontinuous convex compact-valued maps. It 
also holds for maps with compact contractible values defined on finite 
polyhedra of Iw” (Ma+Cole11 [40]) and more generally defined on compact 
ANRs (McLennan [39]). It was recently taken up by Gbrniewicz, Granas, 
and Kryszewski [22-241 in the context of an index theory for non-convex 
maps defined on compact ANRs. 
The content of this paper is divided into three parts. The first part is 
devoted to background material concerning the types of spaces and 
set-valued maps studied herein. In the second part we define the abstract 
class d of approachable set-valued maps; that is, the class of maps A: X+ Y 
* Supported by the Natural Sciences and Engineering Research Council of Canada. 
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between subsets of topological vector spaces E and F, respectively, 
satisfying the condition: given any open neighborhoods of the origins U, V 
in E, F, respectively, there exists a continuous single-valued function s: X -+ Y 
such that 
for each x E X, s(x) E (A[(x + U) n X] + V) n Y. 
If A is a compact-valued map, this is the same as saying that the graph 
of A is approachable by the graph of a single-valued continuous function 
for arbitrary degrees of approachability. This property is crucial in that it 
carries to set-valued maps several properties enjoyed by single-valued func- 
tions (e.g., the fixed point property, the existence of a degree, the existence 
of solutions to differential equations with continuous right hand side, etc.). 
We outline some of the important features of the class d relevant to the 
existence of lixed points and coincidence points in the non-metrizable and 
non-necessarily locally convex settings. We also give in the second part 
some examples of classes of non-convex maps contained in J&‘, motivated 
by the theory of differential equations, namely the classes of upper semi- 
continuous maps with contractible, or R,, or co-proximally connected 
values. 
In the third part of this work we present an elementary treatment of the 
fixed point property for composition products of d-maps. We then derive 
several fixed point theorems for particular classes of non-convex maps that 
generalize the Fan-Glicksberg-Kakutani fixed point theorem and the 
results in [3, 37, 391. 
This work is the continuation of a unified treatment of the fixed point 
and the coincidence problems for set-valued maps which was presented 
(mainly for convex-valued maps) in Ben-El-Mechaiekh, Deguire, and 
Granas [6], Granas and Liu [27], and Lassonde [37]. This paper was 
inspired by Gorniewicz, Granas, and Kryszewski [22-241. Our approach 
is to avoid any reference to degree theory and to consider other types of 
spaces. The formulation in the uniform spaces setting of many of the results 
presented here is natural, and it presents no difficulty. For the sake of 
clarity, however, we restricted the exposition to the topological vector 
space setting. Related results were independently obtained by Gorniewicz 
and Lassonde [25]. 
The authors express their gratitude to A. Granas for his comments and 
to L. Gorniewicz for introducing them to the subject. They also thank 
M. Lassonde for pointing out some imprecisions and misconstructions. 
They are grateful to the referee for his remarks that helped improve the 
presentation of the text. 
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PART I: PRELIMINARY NOTIONS 
All topological spaces considered in this paper are supposed to satisfy 
the Hausdorff separation property. J,,(x) will denote a filter of neigh- 
borhoods of a given point x in a topological space X. 
Given a subset K of a topological space X, we denote by Cov,(K) the 
family of all open coverings of K in X (Cov(X)=Cov,(X)). Given a 
member +Z of Cov(X), the set lJ ( UE % 1 Un K# a} is called the star of 
K with respect to f& and is denoted by St(K, 9). Given two coverings 9, 
-Y E Cov(X), it is said that $2 is a star (resp. burycentric) refinement of V 
if the covering {St(U, @)I UE%} (resp. {St(x, %) ~xEX}) of X refines V. 
Notice that a barycentric refinement W of a barycentric refinement 9 of V 
is a star refinement of Y. 
Recall that for a T, topological space X, the following statements are 
equivalent: (i) X is paracompact; (ii) each open covering of X has an open 
barycentric refinement (see Dugundji [ 143). 
1. CLASSES OF SPACES 
An appropriate framework for the study of topological fixed point 
theorems is provided by the theory of retracts and extensions spaces. In 
this section, we recall some definitions and examples of extension spaces, 
and we formulate some results crucial for our purposes. For a more 
comprehensive xposition, the reader is referred to Granas [26] and the 
references therein (also see Dugundji [ 13)). 
First, let us recall the following property of compact subsets in locally 
convex spaces relevant to the admissibility condition of Klee. It is 
fundamental for the sequel because it permits the passage from finite to 
infinite dimensions. 
PROPOSITION (1.1). Let V be a convex open subset of a locally convex 
topological vector space E, and let K be a compact subset of V. Then for any 
covering 9 E Cov,(K), there exists a continuous function zq: K--f V such 
that: 
(i) z4 and i: KG V are Q-near, i.e., for each x E X, both x and z&x) 
belong to a common member U of 42; 
(ii) n,(K) is contained in a finite convex polyhedron Cc V. 
The proof of this proposition readily follows from the definition of this 
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projection n,-known as the Schauder projection associated with %.’ This 
proposition asserts that any compact subset of an open convex set V in a 
locally convex space admits arbitrary small continuous displacements into 
finite convex polyhedra. This is precisely the admissibility in the sense of 
Klee of the set V [35]. 
Let Q be a class of topological spaces. New classes of spaces are defined 
as follows: 
DEFINITION (1.2). (i) XE R(Q) o X is r-dominated by Yfor some YE Q; 
i.e., there exists a pair of continuous functions s: X + Y, r: Y + X such that 
rs= lx; 
(ii) XE D(Q) -for any 92 E Cov(X), X is q-dominated by Y for some 
YE Q; i.e., there exists a pair of continuous functions s: X + Y, r: Y + X 
such that rs and 1, are e-near. 
The inclusion R(Q) c D(Q) is self-evident. 
For example, if Q is the class of all normed spaces, R(Q) is the class AR 
of all absolute retracts. Also, if Q is the class of all open subsets of a 
normed space, R(Q) is precisely the class ANR of all absolute neigh- 
borhood retracts. If Q is the class of all (finite, locally finite, respectively) 
polyhedra endowed with the CW-topology, D(Q) contains all (compact, 
separable, respectively) ANRs (see [7, 30, 331). In fact, the larger class of 
n-dimensional LC” regular spaces is contained in D (polyhedra) (remember 
that n-dimensional metrizable Lc” spaces are precisely n-dimensional 
ANRs). 
Let { Xi}iel be a family of compact topological spaces indexed by an 
infinite set Z, and let X= ni, I Xi be their topological product. Let 
2 = (Jc II .Z is finite}; for ZE 9, let X,= nisJ Xi. The following property 
is,proven in [26]: 
PROPOSITION (1.3). IfQ= {X,~.ZE~}, then X=ni,,xiED(Q). 
DEFINITION (1.4). (i) A space Y is an extension space for Q if, for any 
pair (X, K) in Q with Kc X closed, any continuous function fO: K + Y 
extends to a continuous function f: X + Y. The class of extension spaces for 
Q will be denoted by ES(Q). 
1 Given a finite subset N = {c, , c2, . . . . c,} of a locally convex topological vector space E, the 
Schauder projection associated with an open set UE .A$(O) is the function 
II 
?r”: u (cl+ U)+E given by n”(x) = ?;I P:,y);i for all n. 
I=, ,=I I x 
Here p,(x) =max{O, 1 - pu(x-cJ}, p. being the Minkowski functional of U. It is readily 
seen that n,(x)-XEU and that n,(x)~C=conv{N} for all x (see 1161). 
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(ii) A space Y is an approximate extension space for Q if, for any 
given covering Q E Cov( Y), for any pair (X, K) in Q with Kc X closed, and 
for any continuous function fo: K --t Y, there exists a continuous function 
f :X+ Y such that f 1 K and f. are %-near. The class of approximate 
extension spaces for Q will be denoted by A,%?(Q). 
Obviously ES(Q) c AH(Q). If Q c Q’, then ES(Q’) c ES(Q), and 
AES( Q’) c AES(Q). 
Some examples of extension spaces relevant to the sequel are listed in the 
propositions below. 
PROPOSITION (1.5). (i) Let Q be a class of normal spaces, and let 
AR(Q) be the class of absolute retracts for Q, then AR(Q) = Q n ES(Q); 
(ii) the unit interval [0, 1 ] and the real line [w are ES (normal) spaces 
(Tietze’s theorem); therefore, every Tychonoff cube is an ES (normal) space. 
PROPOSITION (1.6). Every convex subset of a locally convex topological 
vector space (or of a vector space with the finite topology) is an ES (metric) 
space (Dugundji [ 121) and an AES (compact) space. 
Proof We only prove the second part of the proposition. Let C be 
a convex subset of a locally convex topological vector space E, let (X, K) 
be a compact pair, and fO: K + C be a continuous function. Given a 
convex and symmetric set UeJr/-,(O), let %= {x+UIXE~~(K)}. By 
Proposition (1.1 ), there exist a finite convex polyhedron c’ c C and a 
continuous function n, : f,(K) -+ C such that rcq f0 and fO are %-near. By 
Tietze’s theorem, rrn, fO: K + C’ extends to a continuous function f: X+ C’ 
such that f IK and f0 are %-near. 1 
Some classical non-locally convex spaces are also extension spaces (see 
Klee [35] and Krauthausen [36]): 
PROPOSITION (1.7). Every normed space IE is an ES (compact) space. 
Every complete metric linear space admissible in the sense of Klee is an ES 
(compact) space (in particular, the non-locally convex spaces Ip, Lp, and the 
Hardy spaces HP, 0 c p < 1, as well as the space JZ of measurable functions, 
are ES (compact) spaces). 
Next we shall recall a topological concept of “approached contrac- 
tibility” introduced in Dugundji [ 151: namely, the concept of co-proximal 
connectedness. Contractibility, and more generally the concept of an R,-set 
(i.e., an intersection of a decreasing sequence of compact ARs (see [32])) 
are natural topological extensions of convexity. R,-sets play an important 
role in the theory of differential equations. A result of Aronszajn asserts 
that the solution set of the Cauchy problem x’(t) = f(t, x), x(0) = x0, is an 
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&-set in the space c( [0, 11, W). Aronszajn’s result was later extended by 
various authors to the differential inclusion setting based on the 
approachability of the right-hand side set-valued map by a single-valued 
continuous function (see Gorniewicz [ 191 and references therein). The con- 
cept of an co-proximally connected space generalizes, in some sense, the 
idea of an R,-set. It can be expressed in terms of an extension property 
which is easier to manipulate (see Proposition (2.3) below). 
A subspace Z of a topological space Y is called k-PC. (k-proximally 
connected in Y) for k > 0, if for each neighborhood U of Z in Y, there exists 
a neighborhood T/c U of Z in Y such that the morphism induced on 
homotopy groups i, : 7ck( V) -+ rck( U) is trivial. Z is called PC; if it is k-PC. 
for all 0 <k < n. Z is PC: if it is PC; for all n. 
The condition PC” is a condition on the embedding of Z in Y rather 
than on the structure of Z itself. Let us mention that given an ANR Y and 
a subset Z of Y, then (i) if Z is an R,, then Z is PC”,; (ii)if Z= 0;” Zj 
is a decreasing sequence of compact PC; spaces, then Z is also PC”,; if Z 
has trivial shape in Y-that is, Z is contractible in each of its 
neighborhoods in Y-then Z is also PC>. 
The following necessary condition for the existence of a closed 
continuous surjection with PC* fibers will be useful to prove a fixed point 
theorem for composition products of maps with PC”-values: 
PROPOSITION (1.8) [15]. Let X be an arbitrary topological space, and 
let p: X + Y be a continuous closed surjection with PC; fibers. If Y is 
metrizable, then it must be LC”. 
2. BASIC CLASSES OF MAPS 
Set-valued transformations, simply called maps, are denoted by capital 
letters (A, B, R, . ..). while small letters (f, g, s, . ..) are used for ordinary 
single-valued functions. 
A point x E X is a fixed point for a map A: X+ X if x E A(x). The set of 
all fixed points of A is denoted by Fix(A). Given a map A: X+ X and a 
covering % E Cov(X), a point x E X is said to be a %-fixed point for A if 
there exists a set UE Q such that (i) XE U, and (ii) A(x) n U# $3. Let 
A, B: X + Y be two maps, and let V c 2 ’ be a family of subsets of Y, then 
A and B are said to be Y-near, if for any XE X, A(x) n I’, # @ and 
B(x) n V, # 0 for some V, E Iv. 
The graph of A is the set r,= {(x, y-)EXX YI YEA(X)}. 
Now we recall the basic continuity concepts for maps. Let X, Y be two 
topological spaces, then a map A: X+ Y is said to be: 
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(i) upper semicontinuous (USC) at x,EX if for every open 
neighborhood I/ of A(x,) in Y, there exists UE X(x,,) such that A(x) c V 
for every x E U. A is USC on X if it is USC at x for all x E X; if X and Y are 
subsets of topological vector spaces E and F, respectively, and if A is USC 
at x0 E X, then for any given I/E JlrF(O), there exists U E ME(O) such that 
A[(x, + U) n X] c ,4(x,) + I’. This condition is known as the Huusdorff 
upper shnicontinuity. It coincides with upper semicontinuity for compact- 
valued maps. 
(ii) compact if A(X) is a relatively compact subset of Y. 
DEFINITION (2.1). Let X be a topological space and A be a compact 
subspace of X. A collection { Aj}j,, of compact subspaces of X indexed by 
a non-void directed set J (with order relation <) is said to be an upper 
approximating family of A, written A = l&j Aj, if and only if the following 
properties are satisfied: (i) A = nieJ A,; (ii) the collection {Aj}jeJ is 
decreasing. 
Notice that (i) and (ii) imply: 
(iii) for every open neighborhood I/ of A in X, there is an index 
j, E J such that A, c I’ for all h E J with j, < h. 
DEFINITION (2.2). Let X be a set, Y be a topological space, and 
A: X + Y be a map. A collection { Aj: X + Y}jsJ of maps indexed by a 
non-empty directed set J (with order relation <) is said to be an upper - 
approximating family for A, written A = hmj Aj, if and only if for each - XEX, A(x)=llmiAj(x).* 
One readily verities that the map A = EjcJ Aj is USC provided all Als 
are USC. 
Given an abstract class B of maps, we write 
93(X, Y)= {B:X-+ YIBESY’); W(X) = .49(X, X); 
q= {B=B,~B,-,~ . . . o~,l~i~93}; 
336(X, Y)={B=EB,IBjeI(X, Y)foralljEJ}. 
Here, B24(x) = UyeBlcxj B,(Y). 
The class of all continuous functions from a topological space X into a 
topological space Y will be denoted by c(X, Y). 
* The concept of an upper approximating family of selectionable mappings for a given map, 
defined in a slightly different way in [34], is a more abstract formulation of an idea in 
[28, 291. 
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The most important class of maps studied in this paper is the class 9 of 
Dugundji maps defined by 
A E 9(X, Y) o A is USC and has non-empty compact PC? values. 
Another important class of non-convex maps is the class W defined by 
A E W(X, Y) o A is USC and has compact contractible values. 
Notice that g contains the class %” of USC maps with non-empty convex 
compact values introduced by Kakutani. Now, if Y is an ANR space, then 
$9(X, Y) contains the classes %?(X, Y), C%JX, Y) = {A: X+ Yl A is USC with 
non-empty &-values} and W8(X, Y).3 
It is clear that given a compact map A E~(X, Y), the projection 
pA: r, -+X, pA(x, y) =x, is a closed continuous surjection with PC?* 
fibers. 
The following immediate extension property of g-maps will be useful in 
the sequel. 
PROPOSITION (2.3). Let A: X -+ Y be a map with non-void PC; values 
between two topological spaces. Then for any XE X and any open 
neighborhood V, of A(x) in Y, there exists an open neighborhood W,c V, 
of A(x) in Y such that for any n B 0, any continuous function f: aA” + W, 
extends to a continuous function p: A” + V,. 
PROPOSITION (2.4). Let X and Y be two subsets of topological vector 
spaces E, F, respectively, with X compact, and let AE 9(X, Y) be a map. 
Then for any U E NE(O) and any VVE J$.(O), there exist U’ E NE(O), U’ c U, 
and v’ E Nr(O), v’c V, such that for any XE X, for any n 20, any 
continuous function 
f:aAn+(A[(x+U’)nX]+V’)nY 
extends to a continuous function fz A” -+ (A[(x + U) n X] + V) n Y. 
Proof Let UE J,(O), VE J$.(O) be two arbitrary open sets. For each 
XE X, let V,= (A(u) + V) n Y. By Proposition (2.3), there exists an open 
neighborhood W, of A(u) in Y contained in V, such that for any n 2 0, any 
continuous function f: ad” + W, extends continuously to a function 
f: A”+ V,,. 
Since A(u) is compact, there exists I@” E .4$(O) such that (A(u) + Wu) n 
Yc w,. 
3 The class X was first considered by S. Kakutani in the finite dimensional setting. The 
class of g-maps was considered in [22] in the metric space setting. 
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By upper semicontinuity, there exists U: E .4$(O), 17: c U, such that 
A[(u+U:)nX]~(A(u)+$ti~)n Y. 
Let { (ui + f U:,) n X};l be a finite open covering of X, U’ = n;l f UL, and 
V’ = fiy $ J@“,. Let n L 0 and x E X be arbitrary. For any continuous 
function 
f:dA”+(A[(x+U’)nX]+V’) 
and for any i E ( 1, . . . . m} with x E ui + $ Ul,, the following inclusions are 
satisfied: 
f(ad”)c(A[(x+~U:~)nX]+~~~,)n Y 
c(A[(Ui+Ul,)nX]+$fiu,)n Y 
C (A(Ui) + FVu,) n YC W,,. 
By Proposition (2.3), f extends to a continuous function fl d” -+ 
(A(Z4i)+V)nYc(A[(x+U)nX]+V)nY. 1 
PART II: APPROXIMATION RESULTS 
3. THE CLASS d OF APPROACHABLE MAPS 
We define in this section the abstract class of approachable maps, and 
we outline some of its properties relevant to fixed point theory. For clarity, 
we shall only consider here the topological vector space setting; the study 
in the context of uniform spaces is a simple adaptation and presents no 
difficulty. 
DEFINITION (3.1). Let X be a subset of a topological vector space E, 
and let Y be a subset of a topological vector space F. Given U E JV~(O) and 
VE .k’,k(O), a function s: X+ Y is said to be a (17, V)-selection of A if for 
any XEX, s(x)E(A[(x+U)nX]+ V)n Y. 
DEFINITION (3.2). Let X and Y be as in the above definition. A map 
A: X + Y is said to be approachable if it has a continuous (U, I’)-selection 
for any UE Jlr,(O) and any VE &k(O). The classes of approachable maps 
are defined as 
JZ$(X, Y) = (A: X + Y 1 A is approachable} ; 
&(X, Y) = {A E CZ&(X, Y) 1 A is USC and compact-valued}. 
409/170/2-13 
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These classes are stable under some basic operations on maps. Next we 
list some of these properties important for our main theorems (for more 
properties, refer to [2]). 
Approachability is conserved under certain particular compositions. For 
instance, given three subsets X, Y, Z of topological vector spaces E, F, G, 
respectively , let A: X-P Y be a map, and let f: Z + X be a continuous 
function. If f is a homeomorphism, then Af E &+,(Z, Y) if and only if 
A E G&(X, Y). The following more general property was formulated in [22] 
in the context of metric spaces: 
PROPOSITION (3.3). Let X, Y, Z be three subsets in three topological 
vector spaces E, F, G, respectively, and let A E d(X, Y), f E c(Z, X). If Z is 
compact, then Af E d(Z, Y). 
Proof Let w~Mo(0) and VEJ$.(O) be fixed. We may assume that W 
is symmetric. By upper semicontinuity of A, for any ZEZ, there exists 
U, E .,4$(O), such that 
AC(f(z)+ U,)nXlcA(f(z))+fV. 
By continuity off, there exists W, E Jv;?(O), IV, c W, such that 
fC(z+ Wz)nZlcf(z)+bUZ. 
Let {zi + f W,,}: be an open cover of Z, and let U = fly i U,. Let 
SE c(X, Y) be a continuous (U, $I’)-selection of A, that is, for any 
XEX, S(X)E A[(x+ U) n X] -k i V. In particular, for any ZEZ, sf(z) E 
A[(f(z) + U) n X] + i V. 
Moreover, z E zi + f W,, for some ie { 1, . . . . n], hence 
f(z)+ucf(zi+~W~,)+~Uz,cf(zi)+Uz,~ 
and therefore, 
sf(z)EAf(zi)+ VcAf[(z+ W)nZ]+ V 
and the proof is complete. 1 
The following shows that the class ~4~ is stable under upper approxi- 
mating families. 
PROPOSITION (3.4). Let X be a compact subset of a topological vector 
space E, Y be a subset of a topological vector space F, and 2%(X, Y) be an 
arbitrary class of USC maps. If W(X, Y) c z&(X, Y), then B6(X, Y) c 
4(X n 
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Proof 
- 
Let A =hmi,, AjE9#JX, Y), and let UE Jr/-,(O) and VEJV~(O) 
be symmetric open sets. For any x E X, there exists j, ,,E .Z such that 
A,(x)cA(x)+fVifhEJandj,,.<h. 
By semicontinuity, there exists an open set U, E J&(O), U, c U, such 
that for each h E .Z, h > j, V, 
AL[(x+ U,)nX] cA,,[(x+ U,)nX] cA,~,~(x)+~VCA(X)+ $V. 
Let {xi+ iU,ji= 1, . . . . N} be an open covering of A’. Let j, be an index 
greater than ail the jx,,y, h 2 j, and 0 = fly ;U,. Then, since 
A, E dO(X, Y), there exists a continuous function s,,: X+ Y such that 
sh(x)~(Ah[(x+O)nX]+iV)n Yfor all XEX. 
Since XEX~+~U,~ for some ~+OC~~+~U~,+OC~~+U~,, then 
sh(x) E (Ah[(xi + U,,) n X] + f V) n Yc (A(xi) + V) n Y, i.e., s,, is a (U, V)- 
selection of A. 1 
PROPOSITION (3.5). Let B be a class of maps satisfying the property 
for any map AE~? and any continuous function r, the 
composition map Ar E S?. 
Given a class Q of compact sets in topological vector spaces, given a subset 
Y of a topological vector space F and a paracompact subset X in a topologi- 
cal vector space E, if X E D(Q) and $I( Z, Y) c zZ(Z, Y) for each Z E Q, then 
W(X, Y) c d(X, Y). 
Proof Let U E J&(O) and VE Jy^,(O) be arbitrary open sets. We want to 
prove the existence of a continuous (U, V)-selection of A. Suppose that U 
is symmetric, and consider the covering % = {x + $ U}X.X of the 
paracompact space XE D(Q). Let 4* = { Vi} ic, be a locally finite star 
refinement of %‘, let X* be a compact subset of a topological vector space 
E*, X*EQ, and let X2; X* be a pair of continuous functions verifying 
rs=%, l,- that is, for each XE X, both x and rs(x) belong to a common 
member of 9*. 
Consider now the locally finite covering ?V* = r-l(%*) of X*. For each 
x* E X*, let Z(x*) = {i E I/ x* E r-l( Ui)}, and let 0,. E J&(O) be an open 
set satisfying x* + 0,. c nieIcx*) r -‘( UJ. Since X* is compact, there exists 
a finite subset {XT, XT, . . . . 
o* = fly=, iox:, 
x,*} of X* such that X* c lJr= r (xi* + $0,). If 
then for each x E X, there is an index j E { 1,2, . . . . n} such 
that 
s(x)+O*cxj*+Oxyc n r-‘(U,), 
ie I(q) 
i.e., r[s(x) + 0*] c Ui for all ie Z(x,F). 
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Notice that for any in Z(X,?), both x and KS(X) belong to the star 
St(U,, +2*) which is contained in some member U, + $ U of Q. By 
symmetry, U, + $ U c x + Ii, and hence 
r[s(x) + o*] c (x + U) n x. 
By hypothesis, there exists a continuous function s*: X* + Y such that 
s*(x*) E (Ar[(x* + o*) n x*1 + V) l-l Y for all x* E X*. 
In particular, for any x E X, 
s*[s(x)]~(Ar[(s(x)+O*)nX*] + V)n Yc(A[(x+ U)nX]+ V)n ZJ. 
The continuous function s*s is the desired (U, V)-selection of A. 1 
4. APPROXIMATION THEOREMS: EXAMPLES OF ~-MAPS 
It is known that any map A E X(X, Y) from a compact topological space 
X into a convex subset Y of a topological vector space admits an upper 
approximating family consisting of selectionable maps (see Ionescu 
Tulcea [34] and references therein, and De Blasi [lo], De Blasi and 
Myjak [ 111). In fact, this approximating family is contained in the class 
A! = (A: X -+ Y 1 for any compact subset Kc X, there exists a finite convex 
polyhedron C c Y and a continuous selection s E c(K, C) of A 1 K} defined 
and studied in Granas et al. [6]. 
By Proposition (4.4), the inclusion ~2’~ c JX& holds. Thus one recovers the 
following general version of the result of Cellina: 
PROWSITION (4.1). Zf X is compact, then X(X, Y)cJ&(X, Y)n 
4-K Y). 
Now we proceed with the study of the non-convex case. For contrac- 
tible-valued maps, the following result was first proven in [40] and was 
later reproven in [l] for the finite dimensional setting (E= R”, F = W). 
THEOREM (4.2). Let E be a topological vector space, F be a locally 
convex space, and Y be a convex subset of F. Then the inclusion 
%(P, Y) c d(P, Y) holds for any finite polyhedron P of E.4 
4 Recall that a polyhedron P in a topological space X is a subset P of X together with a 
triangulation (K,f), where K is an abstraet simplicial complex, and where f is a 
homeomorphism from the space IKj of K onto P. P’ denotes the r-dimensional skeleton of the 
polyhedron P (see [42]). 
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Proof: The proof is made by induction on the dimension of P; it is an 
adaptation of the proof in [40] to the infinite dimensional setting and 
exhibits the approximate selection. 
If P is O-dimensional (i.e., a finite set of points), the result is obvious. 
Suppose that the result holds true for any (n - 1 )-dimensional polyhedron 
in X, and let P c E be an n-dimensional polyhedron. 
Let UE NE(O) and VE &(O) be two arbitrary symmetric open sets, and 
let XE P be arbitrary but fixed. Let h,: A(x) x [0, l] + A(x) be a 
continuous homotopy such that 
kc(Jh 0) = Y and h,( y, 1) = j, for all y E A(x). 
Let 6, > 0 and let V, E NF(0) be a symmetric open set, I’, c t V, such 
that 
h,(y’, OEh,(Y, o+p 
foreach(y,t), (~‘,t’)~A(x)x[O,l] with(y’, t’)~(y, t)+(Vxx]-6,,6,[). 
By semicontinuity of A, there exists a symmetric U, E NE(O), U, c $U, 
such that 
A(x’) c A(x) + d v provided x’ E (x + U,) n P. 
Let %={xi+$UXiIi=l,..., N} be an open covering of P, let (R, f’) be 
a triangulation of P finer than %! (K’ is an iterated barycentric subdivision 
of K), and let P’ be the (n - 1 )-skeleton of K’. By the induction hypothesis, 
Al,. ed(P’, Y); hence, there exists s’: P’-+ Y such that for any x E P’, 
s’(x)~ A(x + 8) + P for some BE A$(O), vc fir iv,,, and for some 
DE N~o), tk n;” fux,. 
To conclude the proof, it suffices to show that, given any closed 
n-simplex (T E IK’I, the function s’ extends from f’(8) (2 = subcomplex 
consisting of the boundary of 0) to a continuous function s: f’(a) + Y 
satisfying s(x) E A(x + U) + I/ for all x E S’(a). 
Let us identify 0 with the standard n-simplex A” in IV+ ‘. We shall 
extend the function cp’ = s'f' to a continuous function cp: A” -+ Y so that 
s = cpf’ - ’ will be the desired extension of s’ to f ‘(A”). 
Let Z be the barycenter of A” and consider the continuous polar 
coordinates function (u, t): A”\(Z) --f aA” x [0, l] defined by z = t(z)F+ 
(1 - t(z)) u(z) for all z E A”\(Z). 
Let Ci= (z~A”lt(z)<~}, and let Cz=A”\C,. 
Since (K’, f ‘) is liner than @, A” c f '-'(xi + f U,) for some i E { 1, . . . . N}. 
By continuity of (u, t) and rp’, there exists 0 < A< min{ f, 2S,X,} such that 
if z, z’ E C, with z’ E z + Bn, then ( y’, 2t(z’)) E ( y, 2t(z)) + 
( VXi x ] -6,,, S,,[) for all y E cp’u(z) + 4 VX3, y’ E cp’u(z’) + 
f vx,. 
409/170/Z-14 
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Define now Cl,, = {z E Cl I t(z) 2 J/4>, Cl 2 = Cl\Cl,l, and let 
{ ~,,a, ,..., aL} be th e vertices of a simplicial subdivision of C,,, with 
mesh < 214. 
For z E C,, cp’u(z) = s’f’u(z) E A(f’o(z) + 8) + vc A(f’u(z) + $ U,,) + P 
for all Jo { 1, . . . . N}. 
On the other hand, v(z)~&l” ~f’-~(x~+;U~,), thus f’u(z)+&,c 
xi+ U, and by semicontinuity of A, cp’u(z)~A(xJ + f I’,,. By symmetry 
of vx,, 
(cP’“(z) + $ v.xt) n A(xi) f 53. 
For any aje {al, a,, . . . . a,}, we can pick 
cP”(aj) E h~t C{ (cP’“(aj) + 3 VX,) n Atxi) > x {2t(aj) 11. 
Since Y is convex, define cp”: C1,i + Y by linear extension. 
Finally, let cp: A” + Y be given by 
hx,CA(xi)x {l>l=Yx, if zeC2; 
cp(z) = 
1 
rp”(z) if ZE C,,,; 
( > 
1 4t(z) cp’u(z) + 4G) 
1 
Tpr’[~i+(l-~)~(~)] if zEC,,,. 
One readily verifies that q is continuous. In order to verify that 
s= qf’-’ is a (U, V)-selection of A on f’(A”), it is sufficient to show that 
q(z) E A(xi) + ,$ V for all z E A”. 
This is trivial if z E C2. 
For ZE C1,l, there exists a subset {aj,, aj2, . . . . ajq} c {al, a*, . . . . aL} such 
that q”(z) = Cf= i ~,$‘(a~,) is a convex combination where, for each 
ke (1, 11.9 q), 
for some yjk E (cp’u(ajk) +4 V,,) n A(xi). 
Clearly, for k and k’ E { 1, . . . . q}, 
ajk, E ajk + B,tg, Yjk, E Yjk + vx,9 and 2t(ajv) E2z(ajk) +1 -6.x,, sx,C. 
Therefore, h+( yjk,, 2t(aj,.)) E h,( yjk, 2t(ajk)) + 4 V, i.e., q"(Ujp) E p"(Ujk) + 
a v. 
The space F being locally convex, we may assume that V is convex. 
Hence, 
q”(Z) E cp”(Uj,) + $ vc A(Xi) + $ v. 
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Finally, if ZE Cl,*, i.e., if 0 6 t(z) < A//4, then 
4G) cp’v(z) + T cp”(Z’) 
One readily verifies that yj E (&u(z) + 4VX,) n A(xi) and that 
q”(z) = XI= I ~,cp”(u~~) for some simplex (ai,, aj2, . . . . ajq) with cp”(ujk) =
h,( yjk, 2t(ajJ) E A(xi) for some yjk E (cp’o(ajk) +f VJ n A(xi) and for any 
k E { 1, . . . . q}. 
SincezEajk+B,,wehaveyj,Eyi+VX,and ~2t(~,,)-2t(z)~<6~,forallk. 
Hence, ~“(a~,) Ey! + $ V where yj = h,( yi, 2t(z)). By the choice of 1 and 
the convexity of V, q(z) E yi + f Y and the proof is complete. [ 
Remarks. (1) The inclusion in this result is obviously topological in 
nature, and no linear structure is necessary; much less the convexity of the 
codomain Y. It is in fact sufficient o assume that Y is merely an ANR. It 
would therefore be homeomorphic to a retract of an open subset of a 
convex set in a locally convex space, and an adaptation of the argument 
above will lead to the same result. 
(2) Using Proposition (3.5), the previous theorem extends to V-maps 
defined on a D (finite polyhedra) of a topological vector space. In 
particular, since every compact ANR space (and more generally every 
n-dimensional LC” space) X is =,-dominated by a finite polyhedron for 
any open covering @ of X, one gets this slight generalization of a result in 
[39]: 
COROLLARY (4.3). Let X and Y be two ANRs each in a topological 
vector space. Zf X is compact, then %?JX, Y) c s&(X, Y). 
A similar result holds for g-maps: 
THF~OREM (4.4). Let E, F be two topological vector spaces and Y a subset 
of F. Then the inclusion 9(P, Y) c d(P, Y) holds for any finite polyhedron 
PofE. 
ProoJ: Again, the proof is made by induction on the dimension of P. If 
P is O-dimensional, the result is obvious. Suppose that the theorem holds 
true for all (n - 1 )-dimensional polyhedra in E, and let P E E be an 
n-dimensional polyhedron endowed with the weak topology. 
Let UE NE(O), VE X,-,(O) be any open sets, and let $U 1 U’E ME(O) and 
VI v’ EJ&(O) be as in Proposition (2.4). Denote by P’ the (n - l)- 
dimensional skeleton of a triangulation K’ of P finer than a finite open 
covering %! = {xi + $ U’} r of P. 
Let s’: P’ + Y be a continuous ($U’, V’)-selection of Alp, and let Q be 
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an arbitrary closed n-simplex of K’ and 8 = boundary of 0. There exists 
ifz { 1, . . . . N}, such that cr c xi + 1 U’. 
For each XE~, s’(x)~(A(x+iU’)+ V’)n Yc(A(x,+ U’)+ V’)n Y. By 
Proposition (2.4), there exists a continuous function 
s,:o+(A(x;+;U)+ V)n Yc(A(x+U)+ V)n Y, 
such that s,(, =s’[~. 
The function s: P + Y given by ~1, = s, is well defined and continuous. It 
is the desired approximate selection of A. 1 
Remark. This result holds true for any compact CW-complex X, and 
any subset Y of a topological vector space. 
COROLLARY (4.5). Let X be a ?3 (finite polyhedra) paracompact subset 
of a topological vector space, and let Y be a subset of a topological vector 
space. Then g8(X, Y) c &(X, Y). 
Finally, we formulate without proof the more general extension theorem 
proven in [22] for the metric case. 
THEOREM (4.6). Let P be a finite polyhedron in a topological vector 
space E, let Y be a subset of a topological vector space F, and let 
A E C@( P, Y). For each U E NE(O), and for each V E J&(O), there exist open 
subsets U* E NE(O) and V* E Nr(O) of U and V, respectively, such that for 
any subpolyhedron L of P, any continuous (U*, V*)-selection of Al,,+ 
extends to a continuous (U, V)-selection of A. 
PART III: FIXED POINT RESULTS 
In this last part, it is shown that if the closed unit ball B” in R” has the 
fixed point property for composition products in a given abstract class of 
maps, then a very mild stability property of this class garantees the fixed 
point property for the very large class of AES (compact) spaces. This class 
of spaces is relevant to the problem 54 of “The Scottish Book” [38] 
because it contains locally convex and non-locally convex spaces (see 
Propositions (1.6) and (1.7) above). It happens that the class d of 
approachable maps trivially satisfies this stability property. We therefore 
derive numerous fixed points theorems for d-maps that generalize several 
extensions of the Fan-Glicksberg-Kakutani fixed point theorem (see 
Fan [ 171 and Dugundji and Granas [ 161). 
Before going any further, let us formulate two basic facts related to the 
fixed point property for maps. 
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5. Two PRELIMINARY LEMMAS 
LEMMA (5.1). Zf the following diagram commutes 
then Fix(A ) # @ if and only if Fix(B) # 0. 
LEMMA (5.2). Let X be a regular topological space, and let A: X + X be 
a USC map with closed values. Assume that there exists a cofinal family of 
coverings {%} c Cov(X), such that A has a Q-fixed point for every 9 E {+I}. 
Then Fix(A) # 0. 
Proof. Suppose that Fix(A) = 0. For each x E X, there exists open sets 
U,eJLrx(x) and V,xA(x), such that U,n I’,=@ and A(U,)c V,. 
Putting W = {U, 1 x E X}, we get a covering W of X such that A has no 
W-fixed point. If %! is a member of {a} that relines W, then A has no 
f&-fixed point, which is a contradiction. 1 
6. FIXED POINT THEOREMS FOR ADMISSIBLE CLASSES OF MAPS 
The purpose of this section is to show that, given an abstract class of 
maps &?‘, the fixed point property for composition products of B-maps 
defined on the closed unit ball B” in R” extends to composition products 
of maps defined on AES (compact) spaces, provided the class BC verifies a 
very mild stability property, namely: 
DEFINITION (6.1). A class W of maps is said to be admissible if 
(i) the class of single-valued continuous functions cc B’; 
(ii) each A E BC is USC and closed-valued. 
Notice that any class of compact-valued USC maps is admissible. 
Let Q be any class of topological spaces such that any space in D(Q) is 
regular. Then we have: 
PROPOSITION (6.2). Every space in D(Q) has the fixed point property for 
composition products of g-maps, provided every space in Q enjoys the same 
property, and 39 is an admissible class of maps. 
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Proof Let XE D(Q), and let A E gJX). Given @ E Cov(X), consider the 
commutative diagram 
Here YE Q; s: Y + X and r: Y -+ X are a pair of continuous functions 
such that rs and 1, are %-near. By hypothesis, and since sAr E a=( Y), 
Fix(sAr) # a. By Lemma (5.1), Fix(rsA) # a, that is, A has a @-fixed 
point. Since % is arbitrary, and A is USC with closed values, Lemma (5.2) 
completes the proof. 1 
Using Proposition (1.3), one readily obtains: 
COROLLARY (6.3). Let g be an admissible class of maps. Then X = 
ni,t Xi has the fixed point property for composition products of g-maps 
provided that every finite product X, = nicJ Xi has the same property. 
COROLLARY (6.4). Let 2 be an admissible class of maps. Then the 
Hilbert cube Z” and any Tychonoff cube T have the fixed point property for 
composition products of a-maps, provided that for any n 2 1, B” has the 
same property. 
PROPOSITION (6.5). Let XE ES (compact) and A: X+X be a map. Zf 
A E C@=(X, K) for some compact subset K of X containing A(X), then 
Fix(A) # @ provided the class 9J is admissible, and for any n > 1, B” has the 
fixed point property for composition products of g-maps. 
Proof By a theorem of Tychonoff (see Granas [26]), the compact K is 
homeomorphic to a closed subspace d of a Tychonoff cube T. Let s: K ++ k 
be this homeomorphism. The diagram 
where i, j are the inclusions, and h is a continuous extension of is-‘, 
is commutative. Since by Corollary (6.4), Fix(jsAh) # @, then by 
Lemma (5.1), Fix(A) # 0. 1 
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The next theorem is the main result of this section. 
THEOREM (6.6). Let XE AES (compact), and let A: X+ X be a map. Zf 
A E&IJX, K) for some compact subset K of X containing A(X), then 
Fix(A) # 0, provided the class .@I is admissible, andfor any n > 1, B” has the 
fixed point property for composition products of W-maps. 
Proof: Let k be a closed subset of a Tychonoff cube T, and let s: Ktt I? 
be a homeomorphism. The following diagram, with A = sAis- r, clearly 
commutes 
Consequently, Fix(A) # 52/ if and only if Fix(A) # 0. Let kqj T be the 
natural imbedding, let S! be any covering of X, let h: T -+ X be a 
continuous function such that hj=* is-‘, and let A* = jsAh. The diagram 
%-commutes and Fix(A*) #Qr. Thus A has a S-fixed point, and 
Lemma (5.2) ends the proof. 1 
7. FIXED POINT THEOREMS FOR THE CLASS dc 
In view of the preceding section, since the class d is admissible, it is 
sufficient to show that for any n > 1, the closed unit ball B” has the fixed 
point property for composition products of d-maps, to obtain that 
compact AES (compact) spaces also have the same property. Some of the 
results were announced in [S]. 
We start with some immediate consequences of the definition of the class 
d: the fixed point property for single-valued functions immediately implies 
the fixed point property for approachable maps. 
PROPOSITION (7.1). Let X be a compact subset of a topological vector 
space E, and let A E JZI( X). Zf X has the fixed point property for single-valued 
continuous functions, then Fix(A) # 0. 
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Proof Given any symmetric open set U E NE(O), Fix(s) # @ for any 
(i U, 4 U)-selection s E c(X) of A, that is, 
Xu=s(x,)EA(x,+$U)+$ for some xLi E X. 
Therefore, X;E A(x:) + U for some x: E (xu + $ U) n X, that is, xt is a 
%-fixed point of A for the covering % = {x + U},, x. Since X is compact 
and A is USC, it follows from Lemma (5.2) that Fix(A) # 0. 1 
In particular, the Schauder-Tychonoff ixed point theorem implies that 
if X is a convex compact subset of a locally convex topological vector space 
E, then Fix(A) # 0 for any map A E d(X). 
PROPOSITION (7.2). Let X be a compact subset of a topological vector 
space E, and let Y be a subset of a topological vector space F. If X has the 
fixed point property for single-valued continuous functions, then Fix( fA) # 0 
for any map A E &(X, Y) and for any function f E c( Y, X). 
Proof. Given two open sets UE A’&(O) and VE NF(0), with U 
symmetric, let SE c(X, Y) be a (U, V)-selection of A. By hypothesis, 
Fix(fs) # 0, that is, 
xo =fs(xo) cf CNxo + U) + VI for some x0 E X. 
Consequently, x$ E f [A(x,*) + V] + U for some x$ E (x0 + U) n X. 
If (Ui)iel and { Vj}jEJ are two bases of neighborhoods of the origins 
in E and F, respectively, then for any fixed j E J, the map Rj: X + X given 
by 
Rj(x)=fC(A(x)+ rji)nA(X)I for all XEX 
is USC and compact-valued. Moreover, there exists x7 E R,(xT) + Ui for 
each i E Z and, by Lemma (5.2) and since X is compact, Fix( Rj) # 0. 
To conclude the proof, notice that since the sets Z and J are filtering, the 
family of closed sets { Fix(Rj)}j,, has the finite intersection property, and 
since X is compact and A is compact-valued, any point in nieJ { Fix( 
is a fixed point for fA. 1 
Using this theorem together with some further stability properties of 
the class ~4, one obtains the following generalization of a theorem of 
Himmelberg [3 1 ] : 
COROLLARY (7.3) [Z]. Let X be a convex subset of a locally convex 
topological vector space E, and let AE d(X) be a compact map, then 
Fix(A) # 0. 
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PROPOSITION (7.4). Let X be a compact subset of a topological vector 
space E, let Y be a subset of a topological vector space F. Let A E zZ(X, Y), 
and let B: Y + X be a closed-valued USC map. Then Fix(BA) # 125, provided 
Fix( Bf) # $3 for any function f~ c(X, Y). 
Proof. Given two open sets UeJr/-,(O) and VE &(O), U being 
symmetric, and let SE c(X, Y) be a (U, V)-selection of A. By hypothesis, 
Fix(Bs) # fa, that is, 
x0 E Bs(x,) c BIA(xo + U) + V] for some x0 E X. 
Consequently, xz E B[A(x,*) i- V] + U for some xz E (x0 + U) n X. 
Let { ui}iel and { VjjjEJ be two bases of neighborhoods of the origins in 
E and F, respectively, and notice that for any fixed j E J, the map Rj: X-+ X 
given by 
Rj(x)= B[(A(x) + Vj) n A(X)] for all x E X, 
is USC and compact-valued. The proof ends as in Proposition (7.2). 1 
Proposition (7.4) along with an induction argument of Lassonde 
together lead to the following reformulation of a result in [37] for abstract 
classes of maps: 
COROLLARY (7.5). Let X be compact subset of a topological vector space 
E, let Y be a subset of a topological vector space F, and let F be a closed 
subset of X x Y. Then the following statements are equivalent: 
(i) I”nr#% for each f Ec(X, Y); 
(ii) r, nT# % for each AEJ&(X, Y). 
Proof That (ii) implies (i) is trivial. We follow Lassonde’s argument o 
prove that (i) implies (ii). First, notice that since X is compact, r can be 
viewed as the graph of a USC map B: Y + X, that is, r,=E Let 
A E &(X, Y) be any map. By Proposition (7.4), the composition BA: X + X 
has a fixed point. Assume that (ii) holds for any composition of (n - 1) 
d-maps, and let us prove that it holds true for any composition product 
A = A,A,_, -.. AI:XA X,2 X,.X-$+ X,=Y of n d-maps. 
Let f E c(X, Xi) be arbitrary. By Proposition (3.3), and since X is com- 
pact, A2=A2fE&(X,X2). Let A be thecomposition A,A,-,..-A,. Then 
rAnr#%, that is, BA has a lixed point. If R=BA,,A.-,...A2, then 
Fix(Rf) # fJ, that is, r’n rR # 0. By Proposition (7.4), Fix(RA, ) # a, 
that is, r,nr#%. 1 
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If Y = X is in a locally convex space E, and r= {(x, x)1x E X} is the 
diagonal in Xx X, the Schauder-Tychonoff fixed point theorem implies: 
COROLLARY (7.6). Let X be a convex compact subset of a locally convex 
topological vector space E, and let A E J&(X) (the intermediate spaces being 
arbitrary topological vector spaces). Then Fix(A) # @. 
Remark. This result remains valid if the compactness condition is 
placed on the map A rather than on the domain X (see Ben-El- 
Mechaiekh [2]). 
As a particular case, the closed unit ball B” has the fixed point property 
for the class &=. Hence, the next result follows at once from Theorem (6.6) 
and contains results in [37,3] for the class xc. It generalizes the 
Fan-Glicksberg-Kakutani fixed point theorem to a large class of non- 
necessarily locally convex spaces and contains the main fixed point result 
for %a maps presented in [4]. 
THEOREM (7.7). Let XE AES (compact) be compact, and let A E d=(X) 
be a map. Then Fix(A) # 121. 
We end this section with some illustrations of the preceding general 
results. 
As an immediate consequence of Theorem (7.1), one ascertains that 
compact ARs (in particular compact convex subsets of locally spaces) have 
the fixed property for g-maps. 
COROLLARY (7.8). Let X be a compact AR. Then Fix(A) # 0 for any 
map A E 3(X).’ 
COROLLARY (7.9). Let X be a convex compact subset of a locally convex 
topological space E. Then Fix(A) # /21 for any map A E g(X). 
Moreover, if X is a compact ANR, then it has the fixed point property 
for Dugundji maps if and only if it has the fixed point property for single- 
valued continuous functions. We therefore obtain a generalization of a 
result of McLennan [39]. 
Combining Proposition (1.8), Corollary (4.5), and Theorem (7.7) leads 
to: 
5 This fixed point theorem in fact follows from homological result of Gbmiewicz [18] and 
Gbmiewicz and Granas [20,21] since B-maps are acyclic for Tech homology. However, our 
arguments are straightforward and elementary. 
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COROLLARY (7.10). Let X be an AES (compact) metrizable space with 
finite topological dimension, and let A E 9JX). If all the intermediate spaces 
are also metrizable and have finite topological dimension, then Fix(A) # Qr. 
Proof Let A:X=X,,A X,& X,a..X,-,-% X,=X, where each 
Xi is a metrizable subset in a topological vector space. Consider the 
compact subsets Ki = A(K,- r) of Xi, 1 < i< n, and K0 = X. Denote 
the restrictions Al, E 52(Kip 1, Ki) by Bi. For each i, the projection 
PB,: rB.4 Ki-1 is a closed continuous surjection with PC” fibers, and by 
Proposition (1.8), K,- r must be a compact LC” space and consequently a 
compact D (finite polyhedra) space. By Corollary (4.5) Big d(Ki- 1, Ki) 
for each 1 < i< n. Since X is a compact AES (compact) space, 
Theorem (7.7) ends the proof. m 
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